Abstract. This paper consists of three parts. The first is devoted to investigating the equivalence and left-right symmetry of several conditions known to characterize finite dimensional algebras which have a unique minimal faithful representation-QF-3 algebras-in the class of left perfect rings. It is shown that the following conditions are equivalent and imply their right-hand analog: R contains a faithful S-injective left ideal, R contains a faithful LT-projective injective left ideal; the injective hulls of projective left Ä-modules are projective, and the projective covers of injective left .R-modules are injective. Moreover, these rings are shown to be semiprimary and to include all left perfect rings with faithful injective left and right ideals.
Abstract. This paper consists of three parts. The first is devoted to investigating the equivalence and left-right symmetry of several conditions known to characterize finite dimensional algebras which have a unique minimal faithful representation-QF-3 algebras-in the class of left perfect rings. It is shown that the following conditions are equivalent and imply their right-hand analog: R contains a faithful S-injective left ideal, R contains a faithful LT-projective injective left ideal; the injective hulls of projective left Ä-modules are projective, and the projective covers of injective left .R-modules are injective. Moreover, these rings are shown to be semiprimary and to include all left perfect rings with faithful injective left and right ideals.
The second section is concerned with the endomorphism ring of a projective module over a hereditary or semihereditary ring. More specifically we consider the question of when such an endomorphism ring is hereditary or semihereditary.
In the third section we establish the equivalence of a number of conditions similar to those considered in the first section for the class of hereditary rings and obtain a structure theorem for this class of hereditary rings. The rings considered are shown to be isomorphic to finite direct sums of complete blocked triangular matrix rings each over a division ring.
Thrall [36] called an algebra A of finite rank (left) QF-3 if it has a unique minimal faithful left module, that is, a unique (up to isomorphism) module M with the property that no proper direct summand is faithful. It is not difficult to verify the equivalence of the following statements.
(1) A is (left) QF-3. Moreover, the right-hand analogue of each of these conditions is easily established by forming duals with respect to the field so that for algebras being QF-3 is a two-sided property and distinctions between left and right are unnecessary.
It is apparent from the above list that there are several possible ring theoretic generalizations of QF-3 algebras and this paper is primarily devoted to resolving certain questions which arise naturally in connection with such extensions.
In §1 we show that if F is a left perfect ring then the assumptions that R contains a faithful E-injective left ideal (see Faith [12] ), that R contains a faithful Il-projective injective left ideal, that the injective hulls of projective left F-modules are projective, and that the projective covers of injective left modules are injective are equivalent, and that they imply their right-hand counterparts. Furthermore, we deduce that these rings are semiprimary and show that perfect rings with faithful injective left and right ideals have the above properties. These results include and extend those of Harada [19] The second section begins with some preliminary results connecting submodules of a module with one-sided ideals of its endomorphism ring which were essentially noted by Wolfson [37] and are included for completeness and clarity. We combine these results and an idea of Small [34] to prove that the endomorphism ring of any projective (respectively, finitely generated projective) left module over a left hereditary ring is left semihereditary (respectively, hereditary) and several related results. Similar techniques are applied to show that every projective left module over a right semihereditary ring is a direct sum of finitely generated modules. The corresponding result for left modules over left semihereditary rings was proved by Albrecht [1] and our result, like his, generalizes Kaplansky's treatment of the commutative case and depends heavily on Kaplansky's reduction of the problem [23] .
Mochizuki [25] proved that a hereditary QF-3 algebra is a direct sum of complete blocked triangular matrix algebras each over a division algebra. Harada [18] and the present authors [7] extended this result to semiprimary and semiperfect hereditary left QF-3 rings, respectively. In §3 we show that one can drop all finiteness assumptions and still obtain this structure theorem. More precisely, a left hereditary ring has the above form if and only if one of the following hold :
(1) The injective hull of RR is projective.
(2) R contains faithful injective left and right ideals. (3) R contains a faithful injective left ideal and contains no infinite set of orthogonal idempotents.
(4) R contains a faithful S-injective left ideal. The results of this section complement those of [8].
1. Perfect QF-3 rings. Let R and A denote rings with identity, N the radical of R. All modules considered are unital.
Let RMA be a left R, right A-bimodule, Xs M and Î/Ç A. We shall consider two type of annihilators.
AnnA (X) = {A e A | X\ = 0} is a right ideal of A and AnnM (U) = {m e M \ mU = 0}
is an F-submodule of M. We shall abbreviate AnnAA (U) = l(U) and AnnjA (U) = r(U).
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These are always left and right ideals, respectively, and we shall refer to one-sided ideals of this type as annihilator ideals. We shall use similar notation and terminology for annihilators involving R and M. R is left perfect if every left A-module has a projective cover. Equivalently, R/N is Artinian and every nonzero right ^-module contains a simple submodule (see Eilenberg [10] and Bass [3] ).
An ^-module M is ^-injective if the direct sum of any number of copies of M is injective (see Faith [12] ). (Faith [12] ). Let BM be injective and let A = HomB(M, M).
Proposition
The following are equivalent:
(1) M is ^-injective. (c) The functors Hom/Ä/ ( ,fRe) and HomeBe ( ,fRe) define a duality between the categories of finitely generated left fRf-modules and finitely generated right eRe-modules (see [26] ).
Proof. Assume condition (1) holds. Let Re, e2 = e be a faithful projective Sinjective left ideal of R. Then Re £ R £ n Re so the lattices of annihilators in R of subsets of Re and of annihilators in R of subsets of R are the same so R is semiprimary by Proposition 
(4).
A module RP is U-projective if HLex P is projective for any index set A. We denote the injective hull of a module RM by E(RM) (see [9] ). The equivalence of conditions (4), (5) and (6) (1) and (3) are equivalent. We shall prove that (1) -» (2) -> (4) -> (1), (1) <-> (6), and (1) <-► (5).
(1) implies (2). As we saw in Theorem 2, R is semiprimary. Hence FJ_ Re nas an essential socle F= © 2 S", Sa simple. Since each Sa is isomorphic to a submodule of Re, E(Sa) is a summand of Re so is S-injective by assumption. Since there are only finitely many isomorphism types of simple modules © 2 E(Sa) is the injective hull of T. Since T is essential in Yl Re, n*e = ©2£(sa) so n Re is projective since each E(Sa) is.
(2) implies (4). Let F be a faithful u-projective injective left ideal of R. (4) follows since any projective left ß-module can be embedded in a direct product of copies of P.
(4) implies (I). Since E(BR) is isomorphic to a direct sum of modules of the form Reu we obtain a faithful injective left ideal by letting Re be the sum of one of each isomorphism type of these Fe¡. If M is any direct sum of copies of Re then since ß is left perfect, E(M) is the direct sum of indecomposable projective injective modules, and since M is also such a sum, M is injective by Faith and Walker [13, Theorem 6.4].
(1) implies (6 Re is LT-projective. Let Q be a projective cover of n E(Sa). Then n E(S¡¡) is an epimorph of both Q and Yl Pa, and, since Y~[ Pa is projective, Q is a direct summand of II Pa so is injective.
(5) implies (1). Let Slt S2,..., Sn be a complete set of nonisomorphic simple left ^-modules. Then
is a faithful, injective left i?-module. Let F be a projective cover of M. Since M is faithful, P is faithful, and since R is left perfect, F is a direct sum of indecomposable projective injective direct summands of R. P = 0 2 Reh, 1 á /, á n.
Letting e he the sum of the distinct eu which occur in the above sum, we obtain a faithful projective injective left ideal Re. It suffices to show that Re is countably 2-injective. Since YIT= i Re is injective, its projective cover is injective. Since R/N is semisimple Artinian,
is an R/N-module, and -/V(n Re) ^ El (Ne), T contains a direct summand isomorphic to Yl Re/Yl Ne^Yl (Re/Né) and hence also a summand isomorphic to 2i" i (Re/Ne). It follows that © 2z" i Re 1S isomorphic to a direct summand of the projective cover of n Re so is injective. (2) Müller [28] proved that if ß is perfect and E(RR) is projective, then E(RR) is projective iff a duality slightly different than the one considered above holds.
(3) A ring satisfying the conditions of Theorem 3 is semiprimary but need not be Artinian.
For example, let ß be the matrix ring ß = r¡ real, q rational ! The proofs of the next two lemmas are straightforward and will be omitted.
2.1 Lemma. If Ma is faithful, then (i) (M:AnnM(U))=l(U).
(ii) AnnA (MU) = r(U).
We say that F is a closed submodule of RM if F= AnnM (U) for some t/ç A. where the arrows represent the correspondences of (1) and (2) To prove the converse let / be any left ideal of R. Then there exists a free module F and an epimorphism of F onto I. Since F is free, it contains a submodule T isomorphic to / and there exists a e A such that Fa. = T. Then the sequence 0->kera->F-^->T->0 is exact and just as in the first half of the proof of this proposition ker (a) = Fl(a). But Fl(a) = FAe = Fe, e = e2 by hypothesis and hence the above exact sequence splits and so F and hence also / is projective.
With minor modifications the same argument also serves to establish the next proposition which was proved originally by Small [34] using a different technique which does not seem to extend to the situation just considered.
If R is a ring and n is a positive integer, Rn denotes the ring of n x n matrices over R.
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[January 2.4 Theorem, ß is left semihereditary if and only if, for all n, Rn has principal left ideals projective.
2.5 Lemma. If R has principal left ideals projective and e2 = eeR, then eRe has principal left ideals projective.
Proof. Let x e eRe. Then Rexe is ß-projective and so the exact sequence Re^Rx^
obtained by sending re -*■ rex splits. Thus Re = Rf® Rf with/and/' idempotents, ß/£ßx andfx = x. Hence eRex = eRx~eRf=eRe efe, which is a direct summand of eRe. Therefore eRex is eße-projective.
2.6 Theorem. If R is left hereditary and P is a finitely generated projective left R-module, then A = HomB (P, P) is left hereditary.
Proof. There exists a projective module Q such that F © Q = F is a free module of finite rank. Since HomR (F, F) is left hereditary (see [24] ) and A^/HomB (F, F)f, where /is the projection of F on P orthogonal to Q, it suffices to show that eSe is left hereditary for any left hereditary ring S and idempotent e e S.
Let G be a free left eSe module. Then G s © 2ae¿ Xa with Xa = eSe for all a in some index set A. Consider the free ^-module © 2aeA Sa with Sa = S for all a e A and let ë:@2S°^®2S« Proof. Let BF be a free Ä-module, Y = HomB (F, F) and n be any positive integer. Then F' = 02"=i F¡ with Ft = F, for z'= 1, 2,..., n, is a free Fc-module and hence it follows from Theorem 3 that Yn ~ HomB (F', F') has principal left ideals projective. Thus Y is left semihereditary by Theorem 4. The proof can be completed by applying the same argument used to prove Theorem 6 except that in this instance one applies Theorem 4 in place of Theorem 3.
2.9 Remark. The endomorphism ring of a free .K-module with an infinite basis contains an infinite direct product of copies of R (the diagonal) and is, therefore, never hereditary (see [31, p. 1384] ).
An argument similar to those used to prove the two preceding theorems can be used to prove the next theorem.
2.10 Theorem. If BP is a finitely generated projective module over a left semihereditary ring, then HomB (F, F) is left semihereditary.
In a remarkable paper [23] , Kaplansky proved that every projective module is the direct sum of countably generated modules. He noted, further, that if every element of a countably generated module X can be embedded in a finitely generated direct summand, then X is a direct sum of finitely generated modules. Kaplansky used these results to deduce, among other things, that if R is a commutative semihereditary ring then every projective .R-module is a direct sum of finitely generated modules. This result was generalized by Albrecht [ 1 ] who used Kaplansky's reduction to give a very easy proof that every projective right Ä-module over a right semihereditary ring is the direct sum of finitely generated projective modules. We close this section with a different generalization of Kaplansky's results.
2.11 Theorem. Let R be a right semihereditary ring. Then every projective left R-module is the direct sum of finitely generated projective modules.
In view of the above remarks the following lemma will complete the proof of the theorem :
2.12 Lemma. Let R be a right semihereditary ring and P be a projective left Rmodule. Then any element ofP can be embedded in a finitely generated direct summand of P. Thus it suffices to show that S is a direct summand of G for this implies S is finitely generated and a direct summand of F and hence also a direct summand of P.
Since 5 is a closed submodule of F, it is clear that S = Ann*. (Annr (S)).
This is clearly equivalent to F/S being isomorphic to a submodule of a direct product of copies of F Hence since both BFand RG are free and G/S is a submodule of F/S, it follows that G/S is isomorphic to a submodule of a direct product of copies of G. Hence setting A = Homfl (G, G), we conclude that S = AnnG (AnnA (S)).
We also note that AnnA (Rx) = AnnA (AnnG (AnnA (ßx))) = AnnA (S).
Since RG is free, there is an a 6 A such that Rx = Ga. Thus by (ii) of Lemma 1, AnnA (ßx) = r(a) and since A is right semihereditary by (the right-hand analogue) of Theorem 10, we conclude that r(a)=fA with f2=fe A. We, therefore, have 5"=AnnG (AnnA (ßx)) = AnnG (/A) = G(1 -/) and so S is a direct summand of G as required. This completes the proof.
Note added in proof. Several people have kindly pointed out to us that a result essentially equivalent to Theorem 2.11 was obtained earlier by H. Bass. See Theorem 3 of Projective modules over free groups are free, J. Algebra 1 (1964), 367-373.
3. Hereditary rings. This section is devoted to determining the structure of all (left) hereditary rings containing faithful injective left and right ideals or whose injective hulls are projective. These turn out to be precisely direct sums of complete blocked triangular matrix rings over division rings just as did the hereditary QF-3 algebras of finite rank studied by Mochizuki [25] . We say that T is a complete blocked triangular matrix ring over a division ring D if there exists a finite-dimen- We begin by introducing some definitions and preliminary results used in the proof of the theorem. As before R denotes a ring with identity, N the Jacobson radical of R and BM a (unital) left i?-module. A submodule L of M is an essential submodule if it has nonzero intersection with every nonzero submodule of M. We say that M is finite dimensional if every independent family of nonzero submodules of M has only finitely many members and M is uniform if every nonzero submodule of M is an essential submodule. M is finite dimensional if and only if M contains an essential submodule which is a finite direct sum of uniform submodules (see Goldie [16] ). The singular submodule of M, ZiM), is the set of all elements of M whose annihilators in R are essential left ideals. If R is left hereditary then every projective ^-module / has zero singular submodule since if O^xe I, AnnB (x) is not an essential left ideal as it is the kernel of the map of R onto Rx defined by r -> rx and so is a direct summand of R as Rx is projective.
3.1 Lemma. If P is a finitely generated projective injective left module over a left hereditary ring R, then A = HomB(F, P) is a semisimple ring with minimum condition on one-sided ideals. (7) R can be written as a direct sum of two-sided ideals each of which is isomorphic to a complete blocked triangular matrix ring over a division ring.
Proof. It is clear that (1) and (2) each imply (3). We shall first prove that (3), (4), and (5) each imply (6) and then show that (7) follows from (6) . It is known that (7) implies all the others (see [25] or [18] ).
(3) implies (6) . It follows from [13, Proposition 2.4] that since E(RR) is projective, it is finitely generated. Hence E(RR) is a finitely generated projective injective left [January ß-module and so Lemma 1 implies that A = HomB (E(R), E(R)) is a semisimple ring with minimum condition. Thus E(RR)?Ii®---@It, where the T, are finitely generated indecomposable injective left ideals of ß (see [13, Corollary 2.5] ). Thus, since each I¡ is uniform, E(RR) is finite dimensional and hence so is ß. Thus ß contains no infinite set of orthogonal idempotents. Furthermore, we may assume that these ideals are indexed in such a way that each left ideal which appears in the above decomposition is isomorphic to exactly one of (4) implies (6) . Let Re with e2 = e be the faithful injective left ideal of ß. Then by Lemma 1 eRe is semisimple with minimum condition so we can write e = e1+ • ■ • +et with the et primitive idempotents of eRe for i'= 1,..., t, and hence each ejße, is a division ring. Furthermore, eNe = (0) since it is the radical of eRe, and so eN= (0) since Re is faithful. Thus e¡R contains no nilpotent right ideals and so e¡R is a simple module as in Jacobson [20, Proposition 1, p. 65] . Hence ßeß is contained in the right socle of ß. Now if TT is any right ideal of ß, ßeß n TT2TTßeß# (0) since Re is faithful. Thus it is clear that the right socle of ß is an essential right ideal, ß contains only a finite number of isomorphism types of simple right ß-modules and Z(ßB) = (0).
Since ß contains a faithful injective right ideal, it follows from the above observations that ß contains a copy of the injective hull of the direct sum of one of each isomorphism type of simple right ideal of ß and that this right ideal is finite dimensional and faithful. Moreover, it is of the form fR with f2 =f and since Z(fRR) = 0 it is immediate from Theorem 5.1 of Faith [11, p. 44 ] that/ß/is a semisimple ring with minimum condition on one-sided ideals. Since Re and fR are both faithful ß-modules, the bimodule/ße is clearly faithful both as a left/ß/and a right eRe module. Thus since eRe and fRf are semisimple it Since Ret is uniform for all z'= 1,..., s and RQe{ is essential over Re¡, it is also uniform as an .R-module and hence is an indecomposable left ideal of Q. Thus e,2e¡ is a division ring. If 0#x e e,i?et, it has an inverse a e eiQei, i.e. xa = ax=et. Then y = (\-et) + x e R has an inverse y~1 = (I-ei) + ae Q. Since The results of the preceding two paragraphs imply that R is a semiprimary ring and as we noted previously R is left Noetherian. Thus R is also right hereditary (see [2] ) and, in view of the equivalence of conditions (1) and (6) of Theorem 1.3, contains a faithful injective right ideal so that everything which we know about R is now symmetric. We shall complete the proof by showing that R is generalized uniserial, i.e. each principal indecomposable left and right ideal of R has a unique composition series, and by applying a result of Goldie [17] . Because of the left right symmetry we consider only one side. It suffices to show that if g2=g is any primitive idempotent of R and k any positive integer such that Nkg=¿(0), then Nkg/Nk + 1g is simple. However, by the same reasoning used in the first paragraph of this part of the proof one concludes that Rg is uniform and hence, since R is hereditary, Nkg is an indecomposable projective .R-module. Since R is semiprimary this implies Nkg is isomorphic to a principal indecomposable left ideal of R and so N(Nkg) is the unique maximal left ideal of Nkg (see Eilenberg [10] or
